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Nomenclature
M = Mach number of primary nozzle � ow
Pb = backpressureoutside nozzle
Pe = nozzle exit static pressure
ue = exit velocity of primary nozzle � uid
u j = velocity of secondary jet � uid
½e = exit density of primary nozzle � uid
½ j = density of secondary jet � uid

Introduction

S INCE the � rst demonstration of continuous wave (cw) lasing
from a HF chemical laser by Spencer et al.,1 the gasdynamic

� ow� eldof the lasergainzonehasbeenthe subjectofmuch research.
In a typical HF (or DF) laser, � uorine atoms are mixed with hydro-
gen (or dueterium) molecules to produce vibrationallyexcited HF¤

via the reaction F C H2 D HF¤ C H (or F C D2 = DF¤ C D) (Ref. 1).
The resultinglow-pressure(1–20 torr) � ow� eld is very viscous, and
in general, the mixing occurs mostly through transverse diffusion
between reactant streams.2;3 Ejecting the � uorine atoms through a
bank of multiple hypersonic nozzles enhances the mixing process,
and various methods have been utilized to produce the F-atom mix-
ture, which typically has a stagnation temperature and pressure on
the order of 1400–1800 K and 1–10 atm (Ref. 4). For the nozzle
of interest herein, the H2 is injected at an angle to the primary noz-
zle � ow. This transverse injection is thought to stretch the reactant
interface by increasing the strain rate between streams.5

HF and DF lasers are currently under consideration for use in a
space-based laser system,6 and there is renewed interest in further
characterizingand improvingtheperformanceof thenextgeneration
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of chemical lasers. With these applications in mind, the authors set
upa shock tubeandopticalimagingtechniqueto studythe � ow� elds
of chemical laser nozzles. However, the present work differs from
previouschemical-lasershock-tubeexperiments7 becausethe shock
tube was utilized more as a shock tunnel to study the details of the
mixing and reaction phenomena instead of producing actual laser
gain. This Note describes the shock-tunnel facility and presents
schlieren images from a nonreacting, single-nozzle � ow� eld.

Experiment
For the presentstudy,The AerospaceCorporationshock tube,pri-

marily employed for re� ected shock chemistry experiments,8 was
mated to a test section and a large dump tank (Fig. 1). Supersonic
� ow� eld experimentscan be performedin the test sectionundervac-
uum conditionsby mounting a nozzle, such as a full-scale chemical
laser nozzle, in the endwall. The gas between the re� ected shock
wave and the endwall simulates the high-temperature stagnation
conditions upstream of a chemical-laser nozzle.

Figure 1 presents a schematic view of the shock-tube facility and
diagnostics.The pressure-drivenshock tube has a 3.5-m driver with
a 7.62-cm internal diameter. The driven section is approximately
11 m long with a 16.2-cm internal diameter. Single, pre-scribed
aluminum diaphragms (2–3 mm thick) were utilized in the present
experiments;helium served as the driver gas, and research-gradeN2

was employed as the driven gas.
Incident-shockvelocitieswere detectedusing three fast-response

(1 ¹s), PCB 113A piezoelectricpressure transducersand two Fluke
PM6666 time-interval counters. The velocity-detection transduc-
ers were ampli� ed to increase their sensitivity to the step increase
in pressure upon arrival of the incident shock wave. A fourth trans-
ducer, located5 cm upstreamof the nozzle supply cavity, monitored
the stagnationpressure conditionsbehind the re� ected shock wave.
The temperature and pressure behind the re� ected shock were cal-
culated using the measured shock velocity in the usual manner.

Located at the endwall of the shock tube was the nozzle with
characteristics similar to a chemical-laser nozzle. A view of the
two-dimensional,annodizedaluminumnozzleis presentedin Fig. 2.
The nozzle was separated from the shock tube by a lightly scribed,
0.15-mm aluminum diaphragm that ruptured on re� ection of the
shock wave from the endwall. The straight-walled nozzle had a
0.41-mmthroatgap,a 10.16-mmexitheight,and a 15-degexpansion
half-angle. These dimensions correspond to an average exit Mach
numberof 5.0 for a speci� c heat ratioof 1.4. Near the topand bottom

Fig. 1 Shock-tunnel facility and conventional schlieren diagnostic. He
driver gas and N2 test gas; xenon � ashlamp with a 10-¹s pulse provides
light source for schlieren setup.
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Fig. 2 Model chemical-laser nozzle used in the experiments: all di-
mensions in millimeters, and the corresponding exit Mach number is 5.

lips of the nozzle were two rows of six, 2.54-mm-diam secondary
injection holes spaced 5.1 mm apart. These ori� ces were situated at
a 35-deg angle relative to the nozzle wall and were connected to a
supply cavity.

The nozzle gases exhausted into a 25-cm-squaretest section with
glass windows for optical access. A constant vacuum pressure was
maintainedin the test section by a 2-m-diam,15-m3 dump tank.The
dump tank is connectedto a large-capacityroughing-and diffusion-
pump system and has a combined leak and outgassingrate less than
1 torr/h. The present experiments employed the roughing pump
alone because only backpressures between approximately 25 and
100 torr were needed.

The schlieren diagnostic consisted of a xenon � ashlamp (EG&G
MVS-2601) with a 10-¹s pulse width and two, 26.7-cm-diam
parabolic mirrors with a focal length of 1.534 m. The light was
focused onto a horizontal knife edge and collimated by a 2.54-cm-
diam lens with an f-number of 11.8 onto a Princeton Instruments
intensi� ed charge-coupleddevice (ICCD-576S/RB) camera driven
by a ST-130 controller and a PG-200 pulser. A narrowband � lter
centered at 470 nm prevented background emission from reach-
ing the camera. The camera shuttering and image processing were
performed using the Princeton Intruments WinView software, ver-
sion 1.3B. For each experiment, the re� ected-shock pressure 5 cm
upstream of the nozzle entrance plane, the � ashlamp signal, the
CCD intensi� er gate, and the trigger signal were monitored using a
high-speed,16-bit computer-basedoscilloscopefrom Gage Applied
Sciences (Compuscope 512).

Procedure
Most experiments were performed with an average re� ected

shock temperature of 1770 K and a pressure of 18 atm. On some
experiments, nozzle stagnation conditions as low as 1380 K and as
high as 26 atm were realized. The shocked gas behind the re� ected
wave maintainedsteady conditionsfor approximately2 ms, and the
corresponding time for steady � ow in the nozzle began approxi-
mately 0.5 ms after shock re� ection and lasted for at least 1 ms.

Within approximately 1 min of bursting the primary diaphragm,
the air� ow to the secondary injection ori� ces was initiated man-
ually to ensure steady � ow at the time of arrival of the primary-
nozzle gas. During this time, the large dump-tank volume assured
the test-section pressure did not increase more than a fraction of a
torr above the initial back pressure. Timing of the � ashlamp spark
and intensi� er gate was performed using the signal from a velocity-
detection transducer as a trigger. This trigger signal was sent to a
programmable pulse generator (BNC Model 500) with an internal
delay time de� ned such that the subsequentpulse sent to the camera
and � ashlamp occurred at a repeatable time during steady nozzle
� ow, approximately 1 ms after arrival of the re� ected shock wave.
The intensi� er of the CCD camera was gated for 20 ¹s.

For each experiment, the sonic secondary air jets were sup-
plied with a 5.1-atm pressure at 295 K. The resulting mass � ow
per unit area was 0.036 kg/cm2 ¢ s. This � ow rate can be com-

a)

b)

c)

d)

Fig. 3 Schlieren images of the nozzle � ow� eld with and without sec-
ondary jets: a) nozzle � ow only, overexpanded (Pe /Pb = 0.26) primary
nozzle � ow, 1770K, 18 atm,and Pb = 100 torr; b) nozzle � ow only,slightly
underexpanded (Pe/Pb = 1.3) primary nozzle � ow, 1380 K, 22 atm,
and Pb = 30 torr; c) combined jet and nozzle � ow, overexpanded (Pe/
Pb = 0.26) primary nozzle � ow, 1770 K, 18 atm, and Pb = 100 torr; and
d) combined jet and nozzle � ow, slightly underexpanded (Pe/Pb = 1.3)
primary nozzle � ow, 1520 K, 26 atm, and Pb = 25 torr.

pared to the nominal nozzle mass � ux of 0.17 kg/cm2 ¢ s (1780-K,
18-atm stagnation conditions). A useful parameter for characteriz-
ing jets in a supersonic cross� ow is the momentum � ux ratio, that
is, (½u2/ j =.½u2/1. The nominal ratio was 3.2 for the present case.

Results
Representative schlieren images of the nozzle � ow� eld with and

without secondary injection are presented in Figs. 3a–3d. In � gs 3a
and 3b, the image is from the hypersonic primary nozzle without
secondary injection, and the Figs. 3c and 3d image is from the
primary nozzle � ow with secondary injection.

Figures 3a and 3c were taken from a set of experiments wherein
the primary nozzle � ow was overexpanded with a nominal exit-to-
back static pressure ratio (Pe=Pb) of 0.26.The stagnationconditions
were 1770 K and 18 atm, and the corresponding backpressure was
100 torr. Strong compression waves due to the overexpansion are
evident in Fig. 3a, and Fig. 3c indicates that the presence of the
transverse jets near the nozzle exit further in� uences the � ow� eld
and shock structure.

A slightlyunderexpandedcase (Pe=Pb D 1:3) is shown in Figs. 3b
and 3d, with andwithout the transversejets.Figure 3b shows a rather
clean central core due to the near-ideal expansionof the Mach 5 gas
with a 1380-K, 22-atm supply exhausting into a 30-torr backpres-
sure. However, the secondary jets have a signi� cant effect on the
structure of the nozzle � ow� eld, where a distinct shock structure is
evident in the schlieren image [1520 K and 26 atm, (Fig. 3d)] when
compared to the image with no secondary jet � ow (Fig. 3b).

Conclusions
A shock-tube facility was modi� ed to include a single endwall-

mounted chemical-lasernozzle, a windowed test section simulating
a constant-pressure laser cavity, and a 15-m3 dump tank. Shock-
heated N2 (1380–1780 K and 17–26 atm) simulated the primary
M D 5:0 nozzle � ow, and air simulated the secondary-injectiongas
from a single row of sonic ori� ces. Single-frame schlieren images
of the � ow� eld with and without secondaryinjectionwere obtained.
The resulting images show shock-structuredetails that are useful in
the understandingand optimization of chemical-lasernozzles.
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Derivation of Heat-Flux Dependence
on Pressure Gradient
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Nomenclature
E.r; t/ = total energy
f .r; v; t/ = local equilibrium Maxwellian
JE .r; t/ = average heat-� ux vector
kB = Boltzmann constant
P. NN / = NN particle speci� c distibution function
p.r; t/ = pressure
r = position vector
T .r; t/ = temperature
t = time
v = microscopic velocity
4a = an element of area
½.r; t/ = mass density

Introduction

I N the derivation of Cattaneo’s heat-� ux law that was presented
before,1¡3 some steps were approximations, which were done

for the purpose of demonstrating the salient feature of the heat-� ux
law that results from energy dynamics considerations.For example,
the equalities hEvi D hEihvi and hEv2i D hE ihv2i were used, and
the extra terms on the right-hand side of the preceding equalities
were not included in the � nal result. Moreover, the distibution func-
tion needed to be the constant [1 ¡ .8=3¼/] multiplied by the local
Maxwellian in order for the Eucken number to be close to the value
2.5, and the gasneededto haveanoverallspeedthat is higherthan the
sonic speed. The purpose of this Note is to show that when the extra
terms are included then one would recover the precedingresult with
an additional term, which is the pressure gradient.Also, the consis-
tancy of the energy equation presented before1 with the the energy
equation in transportphenomenonis explainedhere. It is shown that
under certain conditions the heat-� ux law will depend simultane-
ously on temperature and pressure gradients. The heat � ow depen-
dence on pressure gradient was suggested by Truesdell and Toupin
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and Champman and Cowling, as was discussed by Roetman.4 This
dependencehelps deriving a hyperbolicheat equation, which is the
needed equation for heat conduction with � nite signal time.

Statistical Mechanical Derivation
of the Pressure Gradient Term

To derive the constitutive heat-� ux law, which includes the re-
laxation time from the principles of energy transport, one needs to
consider the following relations:

JE .r; t/ D 1
2

½.r; t/hv2vi D 1
2
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where ½.r; t/ D mn.r; t/, n.r; t/ D
R

d3v f .r; v; t/ is the number
density and m is the mass of the microscopic particle. In the ab-
sence of external forces and when there are no interactionsbetween
the particlesof the gas, as in point particles, the energyconservation
law in a � xed frame is given by5
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The Liouville equation is given by5

@ P . NN /

@t
C V ¢ rP . NN / D 0 (5)

where V D .Pr1; Pr2; : : : ; Pr NN I Pp1; Pp2; : : : ; Pp NN / is the phase space veloc-
ity. IntegratingEq. (5) with respect to all of the phase space coordi-
nates except the position r1 and the momentum p1 and assuming the
absence of both pair potentials responsible for internal forces and
the one particle potentials reponsible for external forces will give

@ P .1/

@t
C V ¢ rP .1/ D 0 (6)

where P .1/ D P .1/.r1; p1; t/. But P .1/ D f .1/= NN , with f .1/.r; p; t/
being the generic distribution function.6 The replacement of the
distribution function in phase space by the distribution function in
coordinate-velocityspace in Eq. (6) will lead to
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If one is to consider averaging over a � nite volume element ±V ,
then that would correspond to reducing the sample space over
which the averaging is done. Moreover, ±V can be chosen small
enough such that f .r; v; t/ is constant over ±V . Hence, Eq. (7)
must be true only for the total number of particles in ±V , in which
case avoiding overcounting can be accomplished by dividing f by
the total number of particles in ±V only. The volume ±V should
be chosen such that it is a very large volume for molecular di-
mensions yet a very small volume for the macroscopic dimen-
sions of the gas. Now NN D

R
V

d3r
R

d3v f .r; v; t/ D
R

V
d3rn.r; t/

is the total number of particles in the entire gas. Therefore,


